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Indeterminate Forms

determinate forms.

alu’m“g 1"““5 we often me across CXpressi f
— ons o

oo - 000 e the form :

0 00"'00 0 ) l w

- Jl IL L,V

h
lCl\ are all undefineq and are called Indetermi-

Om/f\___,

it t,t\rt 2. lndctcrmmnte Forms T — : /
; Forml £ E(—,En.
"heorem 1. Statement If fand g are two ditte
T f(a) (a) ifferentiaote Junctions at x = a and
& _ f'@

(il & "(a) # 0, then Lt
x>ag(x)  g'a)
proof . & (a) # 0 (given)
» Eitherg' (@) >0org’' (a) <0
If g: (a) > 0, then g (x) > g (a) = 0 (given) forx > a
and if g' (@) <0,theng(x) <g(@ =0forx>a
Thus g@#0 = g(x)>0org(x)<0forx>a
= g (x) # 0 in deleted nbd. of a.
Since fand g are derivable at x = a (given)
fand g are continuous at x = a
Lt f(x) =fla)=0 and Lt g(x)=g(a)=0
x-=>a x=>a
Lt f(x) 0
andso 222 takes the form —i.e. indeterminate.
Lt g(x) 0.

S O NAC) e PP Al AC)
Consider, xl;ta 2(x) x»a g(x)—0 xI:>a g(x)—g(a)

f)-r@ oy LR (") . (@)

[ef@=0=g()

xX—=>da
= __Xx=d _ _=
L@ (x) g(a)
xX—a x=>a
._-—-—f , (a) [ f and g are given to be derivable atx = aj

~ g'(a)

L Oct.
grt. 3. Theorem I, L’ Hospital’s Rule for 0/0 form. (ocz;niVaDei:jcej)fiirhgpz
“q ant;teme"t- Iffand gare dif]'erentzable in some nbd. N of the p

() Lt f(x) 0= Lt g(x)

X=>q x—>da

(i g' (x) # 0 in some deleted nbd. Nofa

A 11.1

Scanned with CamScanner



11.2 INDETERMIN g,
F

¥
(vi1) Lt = ( N Cvisis whether finite or infinite,
ra @'(%)
(1) '(v)
Then Lt == = [ ‘.
1»-.7}.‘(\) ’-':/}.T(\')
Proof. By def. of limit the value of fat x = 4is insignificant a3 v .
. ', 18 4
assume that /(@) = 0 = Lt /() and g(a)= 0= |4 #(x) I

12 Y*n

This assumption makes Jand g continnons at v = 4
Now 7and ¢ satisfy all the conditions of € nmlu § Mean Value Theq
[a. ] as the cave may be. Hence 3 ¢ in (r, a) or (a, x) such that
=) ()

= - wherec €(x,a)or(a, x)

g)=gla)  g'(0)

rem in N (e o

. (=0 _ /() L |
“ 2()-0 " ¢(o) L/ (@=0 2y
N [0 _ 1)
g(x)  2'(c)
where ¢ € (x, a) or (a, x)
Let ¢ € (x a)
Nowasx = g—c = g [“x<e<
() o, L) 4
e g() T s g9 .
= —g ((3 [Replacing ¢ by;

= Lt S (x I(x) (2 [ Bycondltlon(m) Lt f(x) '*"",:
x>ag (x) x>ag (x) |
Similarly, when c€(a x)ie a<c<x wecan prove
S} jurs - ffx) .
X—>u+ g(x) x—>a 2'(x)
From (2) and (3),

PAC) S'(x)

exists and =

x-»u g(x) A")ll g (x)
Note 1. I’ Hospital’s rule is valid even if x - o or—w instead of a.
Here we put x = ~ 5o that

(
When X >0 f-()4

W) |, f(i)___ L f(zl)(":]f)
-

(By L’ Hospital
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INOETER e 11.3

The theorem holds if we copg;
ofe 2 sider any of (] i imi

ve tl . . 1€ one sided limit ’
pote > ;E:i»;:g by f l::(;e; ]llfsaipphcable only when all the three 1ci;);)crllilt}i,ons of the
t are S . g Y one of't} T . )
o i[;!s " s ot applicable. e three conditions js not satisfied, then L

| Hospgut his does not mean that

It

t — cannot be evaluated, i T
L 2 (%) In this case limit may be evaluated by applying some

x=2a

. method.

athe

Note 4. Condition (iii) of theorem i.e. |t I,%x;— exists, whether finite or infinite is
x=>q g\X

e e . X
ssential. Ifthis limit does not exist, then Lt Jg[(ti may or may not exist and L’ Hospital’s
x'é‘l v

ale is not applicable.

Note 5. To simplify the problems, Lt L Lt taﬂand Lt (1+x)/* =e or
@ =0 X x>0 X =3
any other standard limit should be used before using L’ Hospital’s Rulg, whenever possible.

Note 6. To reduce labour, standard expansions may be used before using L’ Hospital’s
Rule..
Impotant remarks.
ETRACI 9 Ty o y
{ —,(5 is of the form 0 and the functions f'(x) and g'(x) satisfy the conditions
x>a g
of theorem II i.e. L” Hospital’s rule, then
! 1 x
IO MAC
.\’-»(lg(X) x->u g (.X) x-=>u g (X)
The rule can be generalized as follows :
> Art. 4. Theorem lIl. Generalization of L’ Hospital’s rule. |
Iffand g be two functions differentiable upto order n in a deleted nbd. N of a such

that
) g (x)#0,0 < k<nk€& N(where g’ (x)=g(x))
@) 1 ;W (x)=0= Lt g¥ (x);0sk=n=] .
X=>q xX->a . L
. ‘N . . j (.’C) s Lt / ('x)
(l”) Le fni)— exists, whether finite or infinite, i _\-[—Ifa g(l‘) x»ag" (\)
e 7
g "(x
Rule to fing 1.4 () (gform)= Lt =
x>a g(x)\0 x=a g'(¥)

Note. The numerator f(x) and denominator g (x) should be differentiated separately.

0 X o i ;
Not d‘ffefentiate / E\z by quotient rule.

(<] x
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|—cos” X

Evaluate 1%
gxample T+ N L 3
\-g*'-—log(l'*‘-‘f) (G N.D.U. /993) (71) x>0 sinx
3 M ' 2
@ xlitn ¥ jan”! (})
rmf]—\'>2 (i) xﬁfw I
Gif) Lt /"35 X
x=0 log(/’*"‘
| o5 X (l’_U.Z()()3, M.D.U 2001, K.(
soshx— €0~
» Lt i ST
e XSINY (GNDL
1
(vi) Lt xsin— .
x> ¥ x +x) (0 1 Hospital’s rule)
o 3 —log (1+: (~form (Use P
Solution . (1) 2 2 0
x X _,.1..—-) .
xe e T{1+x (_qform) (Use L’ Hospital’s rule)
- T
—xI;tO 2x 0 g B
: 1
>4 X —
xe” +2e +(]+X)2 0+2+1+—3.
s e o A T = e
T xI:>t0 2 g 2 2

: . 2
2 0
l_cos X sin” X -
(i) Lt —5 = ! =5 form
x>0 sinx x>0 sinx"

= Lt M%{i By L’ Hospital’s rule)

x>0 2xcosx
“diri) cos X I
—| e 2| e 2): (1)(—):1.
x>0 X J{x->0cosx l

2
tan_lx) 0

(i) Lt (—form) (Use L’ Hospital’s rule)
x%0 log(1+x7)\0

1 1
.2tan"1x( ) s ( 2)

= Lto : e — form = 1
x> X = X x—)O
2x
(1+x2)( )
1 2 )
2 . -
tan—l - ]+i ‘cz _
(v) Lt x (Oform) P N & 2 _
xX—=>® l 0 X—=>® ( 1 ) _lzl;too]+ 1+0
o x2 x2
A " 4

Scanned with CamScanner



M= Lt SO8hx—cogy X
" [,'.to xsiny ,\-»0\‘\_\2*\(5;\)
X : Siny
coshx—cosy [
= U 2 ‘f‘m'm)
x=+0 X 0

X
Lt r—— 2= |
x-()5In x

(By 1 Hospital’s rule)

L sinh x +sin x 0
= L which
=0 2.x hich lsafonn)

coshx+cosx |4

—

—_—

x=0 2 . 2

—

- —

p=—d —
]

N

. ] I

1 sinl/x (0 (cos—)(-.%)

() Lt xsin—= Lt —= ~form |= 14 L ¥ 2
x>e (—l/x )

1
= Lt cos— = cos0=1
xX=>00 X

gxample 2. Determine the values of a and b for which

x(1+acosx)—bsinx
t 3 =1

x> -y _ .
(PbLU.2000 ; P.U.2000, 1998 Oct ; K.U.1996 ; G.N.D.U. 2003,1995 ; H.PU.1998)

x(1+acosx)—bsinx (0
3 aform

Solution. Lt
x-=0 X

x(—asinx)+(l+acosx)—bcvosx

= Lt
x-»0 v 3x2
= oDk 14 (a—b)cosx—axsinx,
x=0 3x2
I+a=b g limit =1 itmustassumetheformp—
Form . Sincelimit =1, )
as otherwise limit becomes infinite and for this1+a—5="0
F()rm'g (1)

0_for1+a-—b=0

—b)(—sinx -—a(xcosx+sinx)
= Lt (a b)( sin )6
x>0 X

M (9 Form)
x-0 it 6x 0

i / | ‘ 3
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11.6 INDETERMINATE FORy
. hr‘.'.

(2a—b)(—cos.x)—a(=xsinx -+cos x)

N xl:»t() 6
(2a=b)(=1)=a _=3ath
il 6 6
But limit is given to be = 1
=3a+b
Hence p =
= =3a+b=06
Also l+a-5b=0
From (1) and (2) on solving, we have
5 3
a=-7, b= 5

Note. In H.P.U. 1998 paper x is changed to 6 and the problem i 18, find g and p 50 thy |;

6(1+acosf) — bsinf _ .
Lt HPU 190
0-0 93 ' ( . 9 ¢

Example 3. Criticise the following or what is the fallacy in
2" o ‘
~2 2
Lt x“+x- N Lt( 2x+1 )
x>1{ 5x3 = 542 +x[—1 x=>I\15x“ = 10x+1
2 0
=, Lt = Lt |—=|=0
x—>1(30x—]0) x—>1(30)

Solution. First s‘tep is correct

+
e, Lt X =2 [gform]= Lt [zl
x->1{ 553 —5x2 +x—1)L0 x>1\15x2 —10x +1

Now [t (ﬁ) is not of the form
x=>1\]5x? —10x+1

rule is absurd and not valid.
The correct solution after first step is :

Lt( 2x+1 )_ 2141 3 1
=S ~10x+1) 1502 -10()+1 6 2

0 B0 :
0’ so further application of L’ Hospital's

2 .
Example 4. Show that Ls * LIk exists, but cannot be evaluated by L'Hospital$
x->0 tanx
rule. What is the limit ? (H.P.U.1996 ; PU. 1999)
. .1
Solution. Let /' (x) = x?sin —= [ /(x)
X x=0
l
. Lt x =Oand Sm
= Lt x2 Sil]'l=0 x>0 fo
x->0 X . ]-‘quinnbd-O
\ (&

Scanned with CamScanner



1E
pE |
lN ) =tanx = Lt g(x) 117
a

‘ﬂd g¥ x-() = xEtO lany = '
S0 Ltof(X) =0= xl:»tog(x) ad theref, condit
' ' dition (i) of 1’ Hospital's rule is
piodl. appdas . 3y
.mHS./;\ISO g'(x) =secX # 0 forany x i nbd of () apg the

» a[sb S(Iﬁsj(wd
o 1)

rfore condition (if) of L’Hospital’s
ﬂl"

d( 2 .1

"(x T X Sll]-—-)

AL =08 (-«\-) x=0 d
E(lanx)

Qﬁc(cosl)(- 1 +| gi ] |

xJ\ 2 )T(sm ;)(23‘) —CoS—+2 )csinl
Lt i ; 2 — Lt X X
x=0 | sec” x x>0 seczx

e , |
and this limit does not exist bece}}lse xlltocos; does not exist,

Therefore, condition (iii) of L’Hospital’s rule s
Hence, L' Hospital’s rule can’t be applied to eva
However, the limit exists as shown below

2 .
x“sinl/x x a il
Lt —————3= Lt (——)(xsm—)= Lt (L Lt xsinl
x>0 tanx x=0\tanx X/ x-o0\tanx/\x-0 x

not satisfied.
luate the given limit.

|
st L=l;sin— <1% xin
x=0tanx X
= (1) (0) ]
' nbdofO0and Lt x=0= Lt xsin—=0
i x>0 x—=0 X !
. = ()

Evaluate the follwing limits :

| =1 CoS X
1 ' x—tan X
% Lo pe 30 (i) Lt : i) Lt —
x>0 sin bx x>0 XxX—SInx x_,_z_ E_ X
1/3 . 1/3
- 1+sin x) —(1—sinx)
-> — Q] x—=
T (G.N.D.U. 1998 ; Pbi.U.2002)
cotx——
(}’1}) Lt X
! xX=0 X

Q N ‘;
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11.8

)’\—- t
2. () Lt e (i) Lt (———-C—*—zl%(‘
x>0 X =Siny A7 x-0 xsin x

eV sinx =y —y? X psinx

i) LA ‘ ) L=
VU iy +xlog(1-1) & x>0 x=sinx
(K.U.1998)

q'\/}\? Lt e’ 4+e Y =2cosx .
)(/{S x>0 xsinx : (M‘D'U'Q()()/, K@
=

3 G) sinlog (1+x) ) )
W (Zolog (1+sinx) i), x[;tp(l—‘X)cot~
log 1-") B~
(i) Lt ———1 ) Lt
x>0 logcosx Q x>0+ Jx
xcosx—ioO(x+1) =y
v) Lt = AP T e T
0). L 2 (vi) T T ions
, (MD.U.
. e* +e ¥ +2cosx—4 i
(vii) Lt — : x (iil) - Lt x=sinx
x—=>0 X ) x3
, ¢ ,
(ix) Lt B ;lnx
x»0* x
I—acosx)+bsinx I
4. () Fmd aand b if Lt x( : 3) exists and equals ~
x->0 X 3
. sinx+ax+be> , . . P
(i) Given Lt : a; * s finite. Find ¢ and b. Find value of limit als
- x=0 X §

a+bcosx)x—csi
(iii) Find value of a,b,c,if Lt( x)x—csinx

=1 (G.N.D. 1

x=>0 x5
) N g
(v). Find value of gb,c if - 1¢ 26 D008 xtee _ _,
x-0 xsinx
\" L/ (M.D.U. 2004, D.L.U. 2004,K.U. 1997, P.U.2001 S, 2002,
< (v) If Lt vsm 2# +%k Y pe finite ; find value of k and lnmt also. ,
e i (M.D.U: 1997, H.P.U. 2001 ; ONDU‘

asin x — bx +cx’ +x° isﬁnite.AIsodet
~02x? log(1+x)~ —2xd +x
~ (Pbi. U. 2001 ; G.N.D.U.1997 ; F.

(vi) Finda, b and c so that Lt

the limit.
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sl A
xX=() })"’Slnh X

X = PU

1995

Findp, ¢ 5 10 Lt — re’ ~4qcos oy )
,) =0 \\ pe

llacy Y lan \,\~1 A
vlnt is the fallacy in the followj > (MD.y, 199

g limi i) KU, 2004)

C lel]
i ¥ A+3x—4 - 3'\_3/4_3 . & L'Hospita) Yot
() vl 2.\‘2+x—3 "’“’lm— \Ltl :: <3
o 2
4 3
X —4x7 43 1.3
i) M- =1 Ax” — 1242

2
= ltu_
X-»] 6 =)

'\-—-,51 3,\'2—.\‘—2 x-;l 6x_|

pind value of correct limit ajsq
ghow that the following limits exj

XISt but ! Hogni
: spital’ : -
e . the limits '1;5‘&\2 cos]— Pital’s rule is not applicable
U A
x>0 X

(P.U.2000 S)

(H.PU.1995 ; 1997).
:'.;Z:Z B [O? @ (34]
| = 0 =<0
L0 )2 G 1 Oﬂ 205 o) Log

L ()2 (ii) 1 (ul) — (lv) 1 (v)2

o)1 (u) =— (111) 2 (tv) 0 (v) = (vz) -2 (vu) = (viii) % (ix) _Tl
_ 1 -1 1 -
L3 =_-2—,b=7 (i) a=—l,b=g, Limit =—1—-;—0
(i) a=120,b=60, c=180 (i) a= 1, =2, =
( ) K=-2- lelt = —| (w) a=0,b= 6, ¢ =0, Limit = (3/40)
) 3 3 "
Vi) a=7/2,b =9 (viii) p=75,4=3,r=7
-8
() S — 6. (0 (i) O
\ 5 () o @ Vi
3 Al’t 5 o0 L/
*9- Form I1. The indeterminate form =

:
heorem L’ Hospital s rule for — f01 m

) d nbd N
% S ‘}:ehment Let fand g be two functlons defined and differentiable in deleted n

VL (== L g

Xsq
xX—>a
(i

l o
) & (x) % 0 for all x in N
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o
re) _ oy, L

L) i ~E =
(i) Lt Sy cxists then Hag(r) rag ()

x>a 8 (x) :
except a. Consider two points x and b Sa‘iSfying

= (a—(3,n+(3)

proof. Let N
—0<hb<x<d

a<x<b<at O or ¢
\e the intervals [_x.h]nr[h,x].

I i ities defin
These inequalitics de 5 | |
all the conditions of Cauchy’s mean value thegy, !

Now fand g satisfy
[x.b]. So,3 ¢ between x and b such that
()~ ) _ f, (c) c<c<h
q)-g)  £(c)

o)

L W L)
g(x)| () _, g'(c)

g(x)

S(b)

Given Lt f(x)=®= Lt =——==0
el x—>af( ) X-’llf(x)
‘ g(b)

d g == Lt =—==0
ap x—_>ag(x) x—>ag(x)

Using (2) énd (3) in (1), we have

16 N A () SRR AL C))
xl:}ug(x) cl:;tag’(c) x—>ta gl(x)

Note. This theorem holds for one sided limits and a

g X—=>00rx > —0m,

If »[_(_xlis again of the form or g . we apply L’ Hospital’s rule and repeat the Proces
g'(x) @ 0
till the limit is finally evaluated.

7
logx2 log 9__) 24 2x
(i) Lt > (H.PU2000) (i) Lt i) L ——
x=>0cot x Y e no x>0 5—3
- o iz 0
Solution. (i) Lt & 2(—form)
x>0 cot x“ \®
1 .
—(2x) .
, 2( \ . _sz x2
= Lt . = Lt —————( )(%form)

x=0 {— cosec? (xz )} (2x) ¥50 T 2

y (—2)(sinvx2)(cos x,z)(Zx)
x->0 (2x)
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' ) ﬁ
W/" xl:fo(—_Z)(Sln xz)(cos xZ) m

=0
T
.‘) Lt1 a0 ;form = L 0*@/2 - .
” .)1‘+ -> - 2 = Lt
( -7 Y T+ Seeg 0*E+E(5form)
2c0s 6 (—sin 9) 2 2
—_— T =
= U 1 2W)(“l)=()
9—!5"‘"
.\,2 +2x(oofo ) C 2x 42 5
. Lt —form |= [} o _
(i) J.I_“>m>5——3x2 ® x_,m_\wc‘(mfoym): Lt 2 i
X->0—0 3
2. P ' that | «\'2'~cosx2
. Prove tha t :
Example ‘ S 2 exists, byt It cannot be evaluate by
il rule. Evaluate this [imj; by some other metho,
- Or - '
hat is the fallacy in the following‘argumem 9
, 2 2
X —cosx 2x + 2x sinx?
Lt — = Lt = .2
T 32 x»m\bc_\ xl_;tm(1+smx )
doses not exist and so the given limit does not exist.
Solution. Let f(x) = x> —cosx? » Lt f(x)=w
X >0
md gM=x=> It g(x)=c
->00
S0, condition (i) of L Hospital’s J;ule
ie. Lt f(x) = w= Lt g (x) s satisfied.
X—>00 !

IX"’W

Also, g'(x) = 2x# 0¥xinnbdof

te. Condition (i#) of L’ Hospital’s rule is also satisfied.
2x + (sin x? )2x

Now Lt f'(x) = Lt = Lt (1+sinx2)
X+ g'(x) X—> 2x Ao

foes not exist because Lt  sin x? does not exist, it occillates between — land I.

X—>%

" Condition (iif) of L Hospital’s rule is not satisfied.
HE“CG, L'Hospital’s rule is not applicable. .
Wever, the given limit exists as shown below : i
2 ' cOS X
2_ 2 cosx” | _
Lt < - = Lt |1- 2 )_ I--;too] x[-:;too ’C2
X0 S X X >0 X X o

(])2 e N—— _
cos| — \, 1

2 ke
X ~
Sl=-pt — Y/ —1— Lt x“.cos T N
xEE).;. (1)2 x40+ * Vi

X

5@ &
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11.12 INDETERMINATE Figpe

2 I, .
=il o] Lt a® = 0and cos—is bounded in right delete ¥ |
1-0 x> 04 \2 ® e ,%u.;

1. Evaluate the l‘nllowm;, limits
_ tan x tan x log sin x
H Lt — () Lt (i) 1t L (l’hi,Uz
T logcos x oot tan3x x>0+ colx + <VOp
=2
2. Evaluate the following limits

x=> 1=

I I()g,(x—ﬁ)
(0 Lt log(1-¥) @) Lt 1—\)col7 Giif) 1t —\ ‘,i

x=>1- colmx i, tan x
(M.D.U. 1997) i
3. Evaluate the following limits

() Lt loginytan2x (ii) Lt loggnaysinx (RU.20005; G.N.D.U.1999 4
x=>0+ x>0+ Apr

b

Evaluate the following limits

n
() Lt ex @ Lt- (logx) e Giiny 1t —28(r=¢)
= = ool
. e’ —e* x" ‘ logx2
(v) Lt =1 (vy Lt —rn€EN (vi) Lt 1)
x=>weX 4e7% x> g* x>0 cotx2 )
(PU.1999 ?) (HPU2

5. Prove that Lt ~—>2 exists but it cannot be evaluated by I Hospltal-,si
x>0 X -
Evaluate it by some othet method.

1. (i)—oo,(if) 3 (iii) 0 2. ()0 (11)-0 (iii) 0 3. (i) l(ft
4.() 0 (if) 0 (i) 1 (W) 1 ) 0 (#) 0 5. 1 :

> Art. 6. Form III and IV.
The indeterminate forms 0. coand oo — o

()If Lt f(x)=0and Lt g( ) =, then

xX—=>da

xlfﬂ{f(x)g(x)}(FormOoo)— Lt l/fg(())(Form 0)

or x‘:fawgf((zo (F" )

and hence can be evaluated by L'Hospital’s rule.
iy If Lt f(x)=c°and Lt g(x) = o, then

x=>d

Lt {f(x)- g(x)}(Formw ®)

x—=>a
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the following limits

l praluate

P ax
o S e iy Lt x? logx?
" ey e
(il 1 )
) ” Ny (log x)”,wherem andn& N (P.U.2000)
[!” X”()+
‘ ax § ]—x O
on. Lt (1w—x)tan—i—(F01mO.°°) = Lt - (Form—)
0™ 41 | >l 2X 4
-1 . 2
B e (Using L’Hospital’s Rule)
=1 _Leosec (7)—2 ‘

2 o X (2) 2
_u=sin“—=(=|)==
,}flﬂ 2 W 4

1

logx2 (—2—)(2x) |
Y z(pm_)= L AL L (=)=
x-»0 1/x ® x>0 —=2/x x=0

Note. In the indeterminate form 0.9, if Lt £(x).g(x) involves log x, then take
x=>0

, o0
xin the numerator such that the form reduces to —.
00

(i) Lt xm (log x)" where m and n € N i.e. m, n are +ve integers (Form 0.0)
0+ y

LM\)( o

R H— Formg
s 1, n(logx)"! =l 0
Lt (\g);]__/i— Lt i(l—ogir)-——(Form;)

104 ~.m‘(x—'"—l ) 0+ (=m) (x—m)

n(n_1 51
L o H N P
Xwo*\\b_———:: Lt - 2 = Form;
(fm)(—m)(x—m—l) x>0+ (=m) X"

(We haye applied L’Hospital’s Rule two times, ¢

.
.
SN

ontinue applying # times)
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INDETERMINATE pqpid

11.14

m
= n(n=1)(=2).. 2(1)(!05\) TN U SN
x—+0+ (-——m) N x>0+ (_m)”

) 2.1 , i

g \F\'nmplc 2. Evaluate I,IO cot” x——3 (H.PU 1998 P U 1998 Ocy, ap
it ) A X b,/
F/)/ O -200 8

s :
(cot 25— —-2-) (Formoo— o0)

Solution. Lt
x>0 X

x% cos? x —sin x v2 cos? x —sin’ x ¢ V1.
= Lt ) ) = Ll 4 Ll —_
i x=0 X x->0\8In X

x=0 x“smTx

2 ,(.2 3

[Lt (l+cos2x—(l cost)))(l) X +(x +l)cos2x—l

- Form=
x=>0 x—>0 (

2x4 2x4

2x+ (xz + 1) (—2sin2x) +(°(;S 2x)(2x) (Form _Q)

= Lt
x>0 8x° | 0
. 2+(x2 +1) (-4 cos 2x) +(—2sin 2x) (2x)+(cos 2x)(2)+(2x) (~2sin2x)
= Lt -
* 2 (Simplify Num
2+(cos 2x)(—4x2 —2)—85csin 2x 0 |
= It 3 (Form -—)
x=>0 24x ' ' 0
. (cos2x)(—8x)+ ( 4x —2)(—25m 2x)—8x(2cos2x)—8sin2x
b 5% (Simplify Num

—24xcos2x+ (8x2 - 4)sin 2x 0
Lt (Form —)

x>0 : 48
(—24){x(—-25m2x)+COSZx}+(8x —4)(2cos7x)+(s'm2x)(l6x) ]
= Lt AR
x-+0 48
(—24){0+1}+( -4)()+0_ 32 _ 2
= 43 48 3 i
1 xz—tanzx X )2 X -—tan X iﬂ-
. Lt |cot?x——|= Lt Lt o
Ahter.x_.o( ‘ xz) x—>0( .4 )(tanx a0 a .
- 2 _ ' 2 .\ 0
L 2x 2tan;c.sec X_ g 2 2tqnx(;+tan “\)(Forma)
x->0 4x x>0 4x
' 2 A sec “
1§ 2 —2sec® x—6tan 2 ysec’x _ i (—2){— |
= x>0 12x* | x>0\ 12 .
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JMINATE FORMS

iprt'm VH’N
( }" Lt nnx
.).-5() 6 S [l+3scc x}

/

}'
(;')(1)2(1+3>=;=;2
6 6

3
l | b
Cor. Lt (—-‘ cot‘?x) = %

x>0

(K.U. 1997 8)

................
...................
.................. P emp
.....................

(. Evaluate the_followmg 1lmltS :

(0 1_[,'(E+A10gx(GNDU 1996) @,Lt xtan~

( Il)c)__1

(Z/X)LU) Lt
x-»O(el/x)_i_l

[Hint. (5i)) Find RH.L. and LHL. and see that R.H.L, # LHL)]

(iv) ,-.%t/z—(x—_)(secx) (,) Lt 2% §m(2 ) | (vz) Lt xtan—

X ->00

X=>00 .

X—=>00 X
(vif) Jt_l:}H_xlog sin x (y‘:‘z‘) xEtooxCOtx | ' ) Lt (allx_l)x
). Evaluate the followmg limits : e - (RU.I9IIS)
A

() Lt (cosecx-—) , (PU. 1999 5)
x>0 X ‘

(i) Lt (l_cotx) (G.N.D.U. 1990, K.U. 1999 S, D.L.U. 2004)
x>0\ X :

|
(i W LI (D.L.U. 2004, G.N.D.U. 1996, K.U. 2001, MD.U
\ x>0\x2  sin®x - _
3’),!)2)

W) 1t (Lz_ 1 ) () Lt [l———log (1+x)]

x>0 xtanx x>0l X x
: 2000
OES P L ' (PU. 1997; G.N.D.U. 2000)

0\e* —] X
[Hint. Given Limit i
—p* -1 ___l
s Xzl gy ———l—f—"‘ Lo’me’ 0+1+1 2
10 (eF —1)x x>0xe Xgp(e*-) x=0xe

(vm Lt (secir—)(logx)
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1. () 0 (i) 2 (iir) limit does not exist (iv) =1 (v) a (vi) 1 (vii) 0 (viif) | (i)

log,

l | | )
2 00 M0 G-y M3 g 003 gl

- Art. 7. Form V.

The Indeterminate Forms (00,100,090)

To evaluate Lt (f (x))"'(x) where Lt f(x)=0,lor « and Lt g(x)zo’wmof

xX—=>a x—=>u x->u
Solution. Let  y = [f(x)]***) = logy = g(x)log / (%)
= Lt logy = Lt [g(x).log f(x)]=I(say)

x=a x=>da 1
[Because R.H.S. is of the form 0 . @ and so the limit gan
be evaluated by earlier methods already discys

= log Lt y = 1= Lt y=_e[
x=a x=>a
> L[f@f@=e |
X SOIVGdExa.mples:ll(d)

Example 1. Evaluate the following limits :
@) Lt xF (PU.1995) Gy Li(x)"T i L
x=>0+ x>/ x>0+

Solution. (/) Lt x* (Form0%)
x->0+

(cosecx)!/ 8% (M.D.U. 200

Let y=x* = logy=logx™ = logy= xlogx

= Lt logy= Lt xlogx (Form 0.00)
x>0+ x>0

= Lt logx(Formf)= L o (=0

o x>0+ 1/x o0 x->0+—1/x2 x->0+
= Lt y=e’=1=> Lt x* =1
x->0+ x=>0+
1
(i) Lt (x)*~! (Form 1%)
x=>1
1/x-1 1
Let , y=(x) =>logy= ——110gx
x-—
log x 0 1/x
= - Lt —== |Form—| = Lt —=1
xI:‘-Illogy x—)lx—‘] ( 0) x->1 1
= Lt y=e = L@ =e

x-=>1 x-1

(i) Lt (cosec x)// 198 (Form «?)
x>0+ '
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o‘ffﬁﬁ _ | N
1’ y = (cosecx)'/log* 1 17

log y =
Lct \]Ogco
ENIE Mec\x ( °olog X secx
Lt | £-»0 Form =
4 ;f—vO'*‘! ¥ +  logx 00

I :
: ((co\) (~cosec y
Lt secx) cot x)

x=+0+ 1 = Lt [
; x=0+\ tany ==l

-1
Lt y=e = Lt cose 1/1og x i
7 a0+ x—»0+( °%) =¢”!

1
Sinx

%‘,g\ le 2. Evaluate xI:,»to (—x—)’? P by g 0? 00 (]

| /// L (KU 19975, py 2002, 2001 S, M.D.U. 1999)
glution. Lto(_;c_) [Form1®]
b d

1/x%
(sinx ] :
= |2 = 1 e Sin x
Let ¥ ( x ) 08y 5 log(T) 7
log(sinx) : (_siﬂ)~l{xcosx—sinx}
X 2
> Ltlogy= Lt ————~= (Form—)= Lt ~2 L
x-0 d x>0 x2 0 x>0 2x
- xcosx—3—sinx (Fonng) _ 1 Xsinx)+cosy—cosx
x>0 2x 0 x>0 6x*
1\(sinx 1 1
= Lt |[—=||—|=|-z|D=—-=
x—’O( 6)( X ) ( 6)() 6
1/ x*
» Lt y=e_”6 = i
x-0 x>0

L @) Lt (coshx)!/*

x>0 ‘
" ’ ) UL 1998, 1997)
(i) Lt (cosx)® * (iv) I;’Ttlz(smx) (HPU.
- x=>0 x> |
% 99 S: HPU. 1 999)
S () Lt (1+x)1/x (if) L})+(COtX) (PU. 19
x> x>
3;,@ \L't x* 1 j@? L% (sinx)™*  (HPU. 1995 PU (99)
’ x> +
x>0+ X / i ( )Sinx
] . i
(iif) s _1:8+(x)l/lo,x (iv) u,
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11“.18 . INDETERMINATE FOL .

Vgt 1/x 7
a 40 X
\') L‘ S e — ) K v -1
} canl 2 ) (vf) \vl’;tm(-~-~l.m X

(M.D.U. 2004, 1098) (KU 19985, g g ..
Yy i, "l

4. () Lt ﬂ\.—'\;)”.‘ '~§H)J7 o |0 'r)m’ L)f,j‘»gﬁ &009’;

x=0\ X I ts0\ x

e (M.D.U. 1996; PU. 2000 5; 1.y o
PU. 9

,,v

sinh x I/ [ 2(cosh x—1 e ]
i) Lt oy L SR A
o = o uPE e

(PU. 2003 ; K.U. 1995)

e~
Kol , - )
) xl;tf(ta'n) LOD Lt )™ (GNDU. 1999 4
4 x-)E -
(PU. 1994)
(vid) Lt(1- 2 |og(:—x) L sinx)'"*
//U x—»l( * ) (W”) : x—>t0 T (PU
A /’/ E
< () 13D e (i) V2 () 1 2. () 1 (i) |

3. (i) —oo (D)L (i) e (¥) 1 () Jab (i) 1
4. () 1) 3 i) &6 () 12 ) e2 (vi) (1/e) (vii) e (viii) 1
- t ATERT

.

USE OF EXPANSION IN EVALUATION OF LIMITS

Solvzdﬁmmplesll(z)
!
I+x)* =et %

Example 1. _Evaluate Lt

5 '
x>0 X .
(H.PU. 1996 ; GN.D.U. 1991 5; Pbi.U. 2003 KUI8
A
Solution We know that Lt0(1+x)” Y=e
x-
oxr X
and X = 1i)f+—27+-2’—!—+..,..
- 28 s
.and log(1+x)1l= x——2——+—3———4—+ ..........
To Expand (1+%) "
Let y= (+x" gk 4
2 3. 4 i
' 5 ] NI - =[1"’
_log(l+x)=;(x— > + 5 4 ‘ 2.8

=> !,/lbgy= x
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X ox
, ¥ [ 3
y: e 1—l+lix2\
2 L 24

(1+x)!¥ —e+%ex
H x>0 x2

\

Lt lle
= U 24+terms containingx] e

e[]~

+.
S —
T

£+” 2

2 q* .

] 7
Lt -j|‘6+~ex «»/.I__?_V’J
x»ON 2 Y .

X

—
—_—

24

(KU, 1996; PU. 1994)

 (HPU. 1999)

L. Evaluate the following limits

0 U (1+x)" =1
\ x->0 X

i) 1 1+sinx —cos.x +log(1

—x)

x>0 1 xtanzx
_ sin—
(v) Lt 25
X+ -1
tan " —

2, Evaluate the follov%;ing limits

ORET: secgilogl
x->1 X -

(if)

(M.D.U. 1995; PU. 1999)

Lt log, sinx

x->0

1
Lt {——
;»0[2)(

1

x(e”x +1)

|
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o CYaluats \'m Y"(m(u “)/lNDETERMﬂY\

e 02
) 12 ahm g™ OR
X
(Hl)/ Lt (l+\)(\ ) IOBSH'X) -,‘
3. Lvnluutu thc Iollowm;? limits
. tnn-i;.
() Lt (2-——'—) ' s(isl) Lt (x=a)*™
X c X-»l
xS !
(i) Lt (142x) (iv) Lt (" +4x)*
x-0 x-0
. /x (LAY
o L [ERE) gD (PU. 1999, 1997, 19965, 195
=0\ X ' 5 ‘S: 199
X 2 ‘
a -c"u
4. (D)~Prove that Lt x||[14+—=| —e“|=
—-X X ) . -
(117 Prove that Lt x (l e ) = 1+£) = g%¢f
X—>00 X X ‘
(iif) Prove that Lt M_il_ 'cos(l) =0 (PU
x=»0 X X / U, 1994)
sinx—e* +1 1 ' 3
iv) Prove that Lt |———||sin—[ =0
®) x-»O( X ]( x) (H'P'U'm?
sinx _ | _ ' '
(v) Prove that Lt (e an cos(—l-)=0 (PU. 1997)
(vi) Provethat Lt (I=sinx)tanx=0 (Pbi.U. 1994)
. ;
‘ 3 x4 o 24312 1
(vii) Prove that Lt = ¢ (75mx g
x>0 ¥ = 2
414 AR ’ AN
Hint. ¢ /% = 1+—+—=|—| +.rrrerns =+t =+
- ¢ 4 2|4 PRy
3/2 3/2 A
23 255 4
R TS0 Y o W G PRSP }
and  (sinx?) lix B 5
| x* ..o Theore 1)
= x3 1——4—+ ......... (Using Binomia
' 5 1/x
Y rak . ta I/n
(\ﬁ) Prove that Lto(al % : a") = (g p)
i 1 ,
/~ "bx‘*‘"'l‘—logb— T (M.D'\U' 19?
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